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Abstract. We study the basic monoidal properties of the category of Hopf 
modules for a coquasi Hopf algebra. In particular we discuss the so called 
fundamental theorem that establishes a monoidal equivalence between the cat- 
egory of comodules and the category of Hopf modules. We present a categorical 
proof of Radford's 5** formula for the case of a finite dimensional coquasi Hopf 
algebra, by establishing a monoidal isomorphism between certain double dual 
functors. 



Dedicated to I. Shestakov on the occasion of his 60th birthday 
1. Introduction 

The main purpose of this paper is to study the monoidal category of Hopf 
modules for a coquasi Hopf algebra. As a consequence we obtain a proof of 
Radford's formula valid for finite dimensional coquasi Hopf algebras. Inspired 
in [8] we show that this formula is intimately related to the existence of certain 
natural transformation relating the left and the right double dual functors for 
the category of right //-comodules. This natural transformation comes from the 
application of the structure theorem for Hopf modules, to *H viewed as a right 
//-Hopf module. 

Coquasi Hopf algebras are the dual notion of the quasi Hopf algebras defined 
in [7]. The main difference with Hopf algebras is that for coquasi Hopf algebras 
the role of the multiplicative and comultiplicative structures is not longer inter- 
changeable. In a coquasi Hopf algebra the multiplicative structure is no longer 
one dimensional, but two dimensional; this is expressed in the fact that the mul- 
tiplication is not longer associative but only up to isomorphism, provided by a 
functional (p. The antipode is also defined as a two dimensional structure, the 
extra dimension provided by two functionals a, (5. See below. 

The category of Hopf modules in the context of (co)quasi Hopf algebras has 
been considered by different authors and it was initially studied in [ini ES] • 

In the case of Hopf algebras, Radford's formula for 5^ was first proved in 
full generality in |20J, with predecessors in [T7] and [23]. A more recent proof, 
appears in [23]. There are many generalizations of the formula from the case 
of Hopf algebras to other situations, e.g.: braided Hopf algebras, bF algebras - 
braided and classical-, quasi Hopf algebras, weak Hopf algebras, and Hopf algebras 
over rings. The following is a partial list of references for some proofs of these 
generalizations: [2], [6], [9], [10], [13], [H] and [19]. Closer to the spirit of our 
paper an analogue of Radford's formula for finite tensor categories appears in [8j . 
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In this Introduction, after a general description of the paper, we briefly recall 
the definition and the first basic properties of a coquasi bialgebra and of a coquasi 
Hopf algebra. We define the notion of monoidal morphism that is the adequate 
notion of morphism between coquasi bialgebras. Later in this Introduction we 
establish the basic notations that will be used along the paper. 

In Section [21 that is the technical core of the paper, we present the basic 
properties of the monoidal categories used later. We work with the categories of 
comodules and Hopf modules for coquasi bialgebras and recall the properties of 
the monoidal structures induced by the cotensor product over H and by the tensor 
product over k. We look at some basic monoidal functors associated to monoidal 
morphisms given by corestriction of scalars and its adjoints given by coinduction. 
We also consider other monoidal functors -e.g., the left adjoint comodule and 
right adjoint comodule functors- that will be used later. 

In Section [3] we recall that in the case of coquasi Hopf algebras with invertible 
antipode the tensor categories of finite dimensional comodules -or bicomodules- 
are rigid, i.e., each object has a left and a right dual. We use this rigidity in 
order to describe explicitly -for finite dimensional Hopf algebras- the monoidal 
structure of the antipode. 

In Section [3] we present a proof of the version of the fundamental theorem on 
Hopf modules for coquasi Hopf algebras that we need later in the paper. By 
applying some general results on Hopf modules over autonomous pseudomonoids 
to our context we prove that the free right Hopf module functor is a monoidal 
equivalence from the category of comodules into the category of Hopf modules. 

In Section [5l we apply the fundamental theorem on Hopf modules to *H and 
obtain the Frobenius isomorphism that is a morphism in the category of Hopf 
modules between H and *H. Along the way we identify the one dimensional 
object of cointegrals in this context. 

In Section [6l using the categorical machinery constructed above and in the 
same vein than in [8], we prove the existence of a natural monoidal isomorphism 
between the double duals on the left and on the right of a finite dimensional left 
iJ-module. This isomorphism will yield Radford's formula. 

It is not obvious a priori that the formula obtained for finite dimensional co- 
quasi Hopf algebras is related to the classical Radford's formula for Hopf algebras. 
Thus, in Section [71 we apply the previously developed techniques to the case that 
-ff is a classical Hopf algebra in order to deduce the original Radford's formula for 
-see [20]-. 

In Section [8| we present in an Appendix the categorical background needed to 
prove some of the basic monoidal properties of the cotensor product. We recall 
a few basic definitions and results about density of functors and completions of 
categories under certain classes of colimits. 

1.1. Basic definitions. Next we summarize the basic definitions that we need. 

Recall that the category of coalgebras and morphisms of coalgebras has a 
monoidal structure such that the forgetful functor into the category of vector 
spaces is monoidal. In other words, the tensor product over k of two coalgebras 
is a coalgebra and k is a coalgebra, in a canonical way. This is a consequence of 
the fact of that category of vector spaces is braided, and in fact symmetric, with 
the usual switch sw : V ^ W —>■ W ® V . 
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Assume (C, A, e) is a coalgebra. The maps A : C — > C C and e : C —>■ k are 
the comultiphcation and the counit respectively. We wih use Sweedler's notation 
as introduced in [25], and write A(c) = ^ ci (gi C2. We use the notation A^ for 
the morphism A^(c) = ^ ci (8) C2 (X" C3. Moreover, the convolution product will be 
denoted by the symbol 

Definition 1. A coquasi bialgebra structure on the coalgebra (C, A,e) is a triple 
(p, u, (j)) where p : C®C C -the product- and u : k — > C -the unit- are coalgebra 
morphisms, and 0:C(8)C(8'C— s-k -the associator- is a convolution-invertible 
functional, satisfying the following axioms. 

p{u (g) id) = id = p{id (g) u) (1) 
^(cidi)ei(/)(c2 ^2 (8> 62) = ^ (pici O di (g) 61)02(^262) (2) 

(p{cidi (g 61 (g fl)(p{c2 ig 1^2 <g 62/2) = 

= ^ (/>(ci (g di (g 6i)(/)(c2 (g ^262 ® fl)4'{d-i (g 63 (g /2) (3) 

0(c (g 1 (g d) = e(c)e((i) (4) 
The quadruple {C,p,u,(p) is called a coquasi bialgebra. 

Along this paper coalgebras and coquasi bialgebras will be denoted with the 
letters, C,D, etc. 

The dual concept of a quasi bialgebra was originally defined in [7]. 

In the above equations we have written 1 £ C for the image under u of the unit 
of k, and p{c, d) = cd. Moreover, when multiplying three elements of C we used 
parenthesis in order to establish the way we performed the operations. 

The equation ([2]) can be interpreted in a precise way as a naturality condition 
on (p. Equations ([3]) and can be written as the equalities (/)(p(gid(gid)*(/)(id(g 
id gi p) = ((/) g) e) * (/)(id g) p g) id) * (e (g </)) and (/)(id (g n (g id) = e (g e valid in the 
convolution algebras (C (g C (g CY and {C ® CY respectively. 

Applying equation Q to the case of c = d = 1, we obtain that <t){l (g 6 (g /) = 
(g 61 (g /i)(/)(l <g 62 (g /2). Hence /> : C ® C ^ k, p(e g) /) = (/((l ® e g) /) is 
convolution invertible and p-k p = p. Then p = e ® e and for later use we record 
below this and other similar consequence of the axioms of a coquasi Hopf algebra. 

(t){l ® c ® d) = £{c)e{d) (t){c ® d ® 1) = e{c)e{d) (5) 

Observation 1. If (C,p, u, (j)) is a coquasi bialgebra, then C™p has a structure of 
a coquasi bialgebra with unit n, multiplication p sw and associator (/)(id(gsw)(sw(g 
id) (id ® sw). We shall denote this coquasi bialgebra by C° . In the literature C° 
is denoted by C™p°p. 

Next we define the concept of monoidal morphism between coquasi bialgebras. 
Monoidal morphisms are to coquasi bialgebras what bialgebra morphisms are to 
bialgebras. 

The monoidal morphisms are the adequate kind of morphisms for our category 
as they preserve multiplication and unit up to coherent isomorphisms. Although 
we will only need this concept of morphism, for the sake of clarification we also 
give the definition of lax monoidal morphism as in this general case the role of 
the invertible scalar p appearing in the definition below is more transparent. 
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Definition 2. Let C and D be coquasi bialgebras and f : C ^ D he & morphism 
of coalgebras. A lax monoidal structure on / is a functional x '■ C ® C and 
a scalar /j G k satisfying 

(X ® P{f ® /))Ac®c = ifp «> x) Ac®c u = /u (6) 
(0D(/®/®/))*(x®e)*(x(p^id)) = (e«)x)*(x(id«)p))*0c (7) 

(X) id) = e = /3x(id (8) -u). (8) 
The lax monoidal structure (x, p) is called a monoidal structure when x is in- 
vertible, - notice that p is always invertible-. A morphism of coalgebras be- 
tween coquasi bialgebras equipped with a (lax) monoidal structure is called a 
(lax) monoidal morphism. 

A monoidal morphism between two coquasi bialgebras is a morphism of coal- 
gebras equipped with a monoidal structure. 

The above terminology on monoidal structures comes from category theory. In 
fact, the concept of monoidal morphism as defined above is a special instance of 
a the concept of monoidal 1-cell between pseudomonoids. 

In particular, in the case that the monoidal structure is x = ^ ® ^ and /O = 1 
equations ([6]), ([7]) and ([8]) simply say that / preserves the product, the unit and 
that (pnif ^ f ® f) = 4>c- Hence, it is clear in particular that a map of coquasi 
bialgebras that preserves the product, the coproduct and the associator, is a 
monoidal morphism. 

The definition above can be generalized to the concept of a monoidal (C, D)- 
bicomodule, where C and D are coquasi bialgebras. In that case, f : C ^ D 
is a monoidal morphism if and only if the bicomodule /+ (see Definition [3]) is 
a monoidal bicomodule (see Theorem [2]). In this paper we will not cover these 
general aspects of the theory. 

Observation 2. If / : C — > D and g : D ^ E are monoidal morphisms 
with monoidal structures {x^ ,p^) and {x^ iP^) respectively, then gf has canonical 
monoidal structure, namely, {x^if ® f ) '^X^ ^P^ P^)- Also, the identity morphism 
id : C — >■ C is equipped with a monoidal structure given by (e e,l). 

In Proposition [3] we show that the antipode S -see the definition below- of a 
finite dimensional coquasi Hopf algebra if is a monoidal morphism from ^"p^'p 
to H. 

Definition 3. An antipode for the coquasi bialgebra H \s a, triple (5, a, (5) where 
S : i/™P — > ii is a coalgebra morphism and the functionals a, /? : if — > k satisfy 
the following equations. 

S{hi)a{h2)h3 = a{h)l Yl hi(3{h2)S{h^) = /?(/i)l (9) 

Y <P~\hi Shs /i5)/3(/i2)a(/i4) = e{h) (10) 

Y ^{Shi <S)h3 Sh^)a{h2)l5{hi) = e{h) (11) 
A coquasi Hopf algebra is a coquasi bialgebra equipped with an antipode. 

Along this paper coquasi Hopf algebras will be denoted as H. 

Observation 3. If {S,a,(3) is an antipode for the coquasi bialgebra H then 
{S,f3,a) is an antipode for the coquasi bialgebra H° considered in Observation [H 
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Observation 4. For future use we record the following fact. If a € is a group 
like element then S{a) = a~^. Indeed, from the equality (f){Sa'^a(i^Sa)a{a)(3{a) = 
1, we deduce that a{a) ^ 0. Then, from the equality S{a)a{a)a = a{a)l we deduce 
that S{a)a = 1. The equality aS{a) = 1 can be proved in a similar manner. 

Moreover, if 6 G satisfies that ab = ba = 1, then Sa = {ba)Sa. Reassociating 
the product, if we call 7 : — > k the functional j{x) = 4>{x 0a® Sa), we have 
that: Sa = {ba)Sa = 7""*^ ^6^7. Then 6 = 7 ^ 5a ^ 7"^ and since Sa is a 
group like element, 6 = 7 ^ 5a ^ 7"^ = Sa. 

In the particular case of the group like element 1, we have that 5(1) = 1. 

The definition of coquasi bialgebra (or rather its dual concept of quasi bialge- 
bra) was introduced by Drinfel'd in [7j. The crucial observation was that in order 
to guarantee the corresponding module category to be monoidal, the associativity 
of the coproduct was only necessary up to conjugation. The concept of antipode 
(called by many authors a quasi antipode) and of quasi Hopf algebra as defined 
in [7], is needed in order guarantee the existence of duals in the corresponding 
categories of finite dimensional objects. 

Along this paper we study the basic properties of the categories of modules and 
comodules for a coquasi Hopf algebra. These categories have been considered by 
many authors -see for example [15] and more specifically [lOj and |22j . 

Our main interest lays in the case that the coquasi Hopf algebra is finite di- 
mensional as a vector space. In this case, it is known (see [4] and |22j) that the 
antipode 5 is a bijective linear transformation. The composition inverse of 5 will 
be denoted as 5. 

We finish this Introduction by describing some of the notations we use. 

We denote the usual duality functor in the category of vector spaces as ^ i-^' V"^ 
and the usual evaluation and coevaluation maps as e and c. 

Let C = (C, 0, k, $, r) be a monoidal category with monoidal structure (8" : 
CxC ^ C, unit object object k, associativity constraint with components ^m,n,l '■ 
{M0N)0L — > M®{N®L) and left and right unit constraints / and r. We denote 
as the tensor category (C, = (gisw, k, $, f,T) where ^''''{M^N) = N(gjM, 

Let C and P be monoidal categories and T : C ^ T> a functor. A monoidal 
structure on T is a natural isomorphism ^(T x T) ^ T : C x C ^ V and 
an isomorphism k — > r(k) satisfying a certain natural list of coherence axioms 
(see [12] for details). A monoidal functor is a functor equipped with a monoidal 
structure. 

We assume that the reader is familiar with the basic concepts concerning rigidity 
for tensor categories as presented for example in [12] or [15] . Recall that monoidal 
functors preserve duals. In other words, if T : C — > P is a monoidal functor and 
M G C is a left rigid object in C, then T{M) is also left rigid and there is a 
canonical natural isomorphism r/ : T{*M) *T{M). This isomorphism is the 
unique arrow such that makes the diagram below commutative 



r(*M) (g> T{M) 



a 



T{*M(g>M) 



r(ov„) 



r(k) 



b 



*T{M)(g>T(M) 



evT(Af) 



k 
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where the maps a and b are the maps given by the monoidal structure of T. 

Also, fohowing the standard usage we write '-'M, M.^ and '-'M^ for the cat- 
egories of left C-comodules, right D-comodules and (C, -D)-bicomodules, where 
C and D are coalgebras. For the coactions associated to the objects in these 
categories we also use Sweedler's notation. In these situations, when we add the 
subscript / to the symbols, we mean to say that we are restricting our attention to 
the subcategories of finite-dimensional objects, e.g., ^M.^ is the full subcategory 
of '^TW^ whose objects are finite dimensional k-spaces. 

2. The categories of bicomodules and of Hope modules 

2.1. The cotensor product. We start by briefly reviewing some of the basic 
properties of the cotensor product. Given coalgebras C, D and E, one can define 
the cotensor product functor '~^M.^ x ^M.^ '-^M^ as follows. If M and are 
objects of '^Ai^ and ^A4^ respectively, its cotensor product over D, denoted by 
Mn\£)N is the equalizer of the following diagram 

({e(giid(giid)xM)'X>id 

M ®N ? M ®D®N 

id(gi((idig)idiS)e)xiv) 

endowed with the bicomodule structure induced by the left coaction of M and the 
right coaction of N . 

If F is another coalgebra, there is a natural isomorphism between the two ob- 
vious functors ^M'^ x '^M^ x ^M^ ^M^ , with components L\Jd{M\JeN) ^ 
(L\I\£)M)\I\eN induced by the universal property of the equalizers. Also, the func- 
tors CDc— and —DdD : '~'A4^ — > are canonically isomorphic to the identity 
functor. All these data satisfy coherence conditions ; in categorical terminology 
we say that the categories of bicomodules form a bicategory 

From the above, it is clear that the cotensor product provides a monoidal 
structure to ^M"-^ , with unit object (C, A^). 

Observation 5. The cotensor product functor '-^M^ x ^A4^ — > '-"Ad^ preserves 
filtered colimits in each variable. This is because finite limits commute with finite 
colimits. 

Next we consider corestriction functors. 

Definition 4. If / : C — > D is a morphism of coalgebras, we shall denote by /+ = 
Cf £ ^Ai^ the object obtained from the regular bicomodule C by correstriction 
with / on the right, i.e., the coaction in = Cf is given by x i— > ^ xi®X2®f{x3). 
Similarly, we shall denote by /"*" = jC E ^Ai'^ the object obtained form C by 
correstriction on the left. 

Taking cotensor products with bicomodules that are induced by morphisms of 
coalgebras has convenient properties. 

Observation 6. Suppose that /, C and D are as above and that A is an arbitrary 
coalgebra, 

(1) For any bicomodule M S AM*-", with coaction XM, the cotensor product 
M\I\cf+ = MOcCf G is canonically isomorphic with the bicomod- 

ule -sometimes called also Mf- with underlying space M and coaction 
{idA «) idM «) f)xM : M ^ M ® D. 
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In a completely analogous way, if € '^'Ai^, then the cotensor product 
f'^OcN = fCOcN G ^A4^ is canonically isomorphic to the bicomodule 
-sometimes called jN- with underlying space and coaction (/ id^v ® 
idc)xN : N ^ D N A. 

Hence, — □c/+ = — □cC'/ and f'^Oc— = /CDc— are the functors 
M ^ Mf : "^M^ "^M^ and N ^ fN : ^M"^ ^M^ given by 
correstriction with /. 

(2) Given a morphism of coalgebras f : C ^ D, it is clear that the functor 
considered above —ncf+ = — □cC'/ : "^M"^ ^M^ is left adjoint to the 
so called coinduction functor -Uof^ = -UdjC : "^M^ —>■ "^M^. 

Similarly, the other correstriction functor /"^Dc— = jCDc— : — > 
^A4^ is left adjoint to the so called coinduction functor /_(_□£)— = CfOc— '■ 

(3) Assume that we have two morphisms of coalgebras f : C ^ D and g : D ^ 
E. In that situation we have canonical isomorphisms between {gf)+ = 
UUDg+ and (5/)+ ^ g+UDf+. 

Definition 5. Assume that the coalgebra D has a group like element that we 
call 1 G D. We apply the above construction to the morphism of coalgebras 
u -.t ^ D. In this case we abbreviate (— )o = — □]kU+ = {—)u '■ ^M. "^M.^ . 
Similarly we call o(-) = n+Dt- = : ^M^. 

Observation 7. (1) The underlying space for Mq is M and the explicit for- 
mula for the associated coaction is Xo{i^) = fn-i (X" 1 if {M, x) £ 
4M. As we observed before this functor is left adjoint to — □tu"*' : "^Ad^ — > 
4M. It is clear that if M G "^M^, then NakU+ = A^=°-°. In other 
words, the functor (— )o that produces from a left A-comodule the {A, D)- 
bicomodule with trivial right structure is left adjoint to the fixed point 
functor. 

(2) The underlying space to qM is the same than M and the coaction is 
is ox('^) = 1 ® ruQ (g) mi. This functor is left adjoint to n+Dt— : 
^A4^ — > Ai^, that is the functor that takes the left coinvariants, i.e., 
sends M '^°^M. In other words, the functor (— )o that produces from 
a right ^-comodule the {D, 74)-bicomodule with the trivial left structure 
is left adjoint to the left fixed point functor. 

Theorem 1. Let g,h : C ^ D be two morphisms of coalgebras, and consider the 
following structures. 

(1) Functionals 7 : C — > k satisfying (7 ® g)A = {h^ 7)^- 

(2) Morphisms of bicomodules 9 : g^ ^ h^. 

(3) Natural transformations : (— □cg+) =^ ( — □c/i+) : M'^ . 

Each structure of type ^ induces a structure of type ^ by 6 = {idc (8) 7) A and 
each structure of type ^ induces a structure of type ^ by Q = —OcO. Moreover, 
if C is finite dimensional these correspondences are bisections, with inverses given 
by 'J = eO and 6 = Qc- The identity and the composition of the natural transfor- 
mations in ^ correspond to the identity and the composition of the morphisms in 
dl]) and to the counit e and the convolution product of the functionals in ([T]). In 
particular, the natural transformation is invertible iff the associated morphism 
6 is invertible iff the corresponding functional 7 is convolution-invertible. 
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Proof. That each structure ([T]) induces a structure ([2]) and each structure in ([2]) 
induces a structure ([3|) is easily verified. 

Next we prove that the above described maps are indeed a bijection between 
^ and dl]). The map 9 satisfies 

{id(^9(^g)A'^ = {id<^id(^h)A^e. (12) 

Composing the above equahty with id(8)id(8)e we deduce that A9 = (id(g)0) A. Now, 
if we compose Equation ()12p with e(8)e(8>id we obtain (7 (8) 5) A = h9 , with j = e9. 
A direct calculation shows that {h 7) A = (/i (g) e)(id (g) 6*) A = (/i e)A6' = /i6'. 
Hence, 7 = satisfies condition (1). Clearly, the correspondences given above 
between elements 7 and 9 are inverses of each other. 

If we assume that C is finite dimensional, the bijection between the structures 
in ([2]) and dS]) is a consequence of Observation [22l □ 

For a functional 7 as in Theorem [Tj3, we will denote as 'j^ : g+ ^ the 
associated morphism of comodules and as T the corresponding natural transfor- 
mation. 

Observation 8. In the case that 7 is convolution invertible, the condition (3) 
that relates g and h in Theorem [H can be written as g = 7^^ -kh-kj or as any of 
the equalities below valid for all c G C: 

g{c ^ 7) = /i(7 ^ c) , g{c) = /i(7 ^ c ^ 7"^) (13) 

2.2. The tensor product over k. When we consider coalgebras that have the 
additional structure of a coquasi bialgebra, the corresponding categories of co- 
modules and of bicomodules have -besides the monoidal structure given by the 
cotensor product- another monoidal structure. This monoidal structure is based 
upon the tensor product over the base field k with associativity constraint de- 
fined in terms of the corresponding functional (p. For example if C and D are 
coquasi bialgebras with associators 4>c and cfiD respectively, if L, M, N G 'tM^ 
the associativity constraint is the map 

^L,M,N : {L (g) M) (g> N L {M N) 
given by the formula 
$((/ (g) m) (g) n) = ^ 4>c{l-i ® fn-i (g n_i)/o (g (mo (g no)(/'^^(/i (g mi (g ni) (14) 

Here we view M (g as an object in 'tM^ with the usual structure: XM®7v(m (g 
n) = ^ m_in_i (g mo (g no (g mini S C ® M ® N ® D. Notice that the above 
formula for the associativity constraint can be written using the standard actions 
associated to coactions as follows: 

^l,m,n{{1 ® m) ® n) = (j)'^ ^ I ® m ® n ^ (j)c e L ® {M ® N). 

The unit constraints M (g k = M and k (g M = M are the same than in the 
category of k-vector spaces. 

In case that the categories are *7M or A^*^, the constraints are defined similarly 
but using only the action by on the left for and of on the right for 
'tM. The monoidal categories Al*^ and 'tM can also be defined as "VW*^ and 'tM"^ 
respectively. 
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Observation 9. If C is a coquasi bialgebra with unit u and multiplication p, the 
triple {C,p, u) G is an associative algebra. This can be proved directly using 

equation ([2]), which can be rewritten as p{id<Sip)^c,c,c = p(p(8'id) : {C^C)^C 
C. 

Definition 6. The category of right C-modules within '-vW^ will be denoted as 
'^TW^ and called the category of Hopf modules. Similarly we define the category 

Notice that the unit object k of the monoidal structure ® is canonically a Hopf 
module with action given by the counit e. 

The category of Hopf modules in this context was first considered in [lOj and 
122]. 



Observation 10. a) The Dc monoidal structure of ^A4^ lifts to a monoidal 
structure on '-VWg in such a way that the forgetful functor ^M'^ —>■ '-'M^ is 
monoidal. 

Indeed, if M, N,L,R are in one easily can define -using the universal 

property of equalizers- a natural morphism of bicomodules (M □cA^)(g)(L Oc'R) ~^ 
(M (g) L) OciN (g) R) relating both monoidal structures on '-^M'^ . li L = R = C, 
we obtain a map (M UcN) ® C ^ {M ® C)nc{N C) that composed with the 
right C-actions on M and — qm : M ®C ^ M and : N ®C N — endows 
M OqN with the structure of a Hopf module 

{MacN)^C ^ {M ^C)ac{N ®C) ^^^^^ MDcN. (15) 

Clearly the unit object C of Dc in '-VM*^ is also a unit object in *-VV4g. 
b) If / : k ^ C and g : C ^ C are morphisms of coalgebras -in particular this 
means that /(I) G C is a group like element- then /+ (g) [MUc g+) = MUc p{f iS) 
g)+ and {MBc g+) /+ ^ MBcpig ® /)+. 

2.3. Monoidal functors induced by monoidal morphisms. 

Theorem 2. Let f : C ^ D be a coalgebra morphism, and consider the following 
structures. 

(1) Monoidal structures on f, 

(2) Monoidal structures on the functor (— □c/_|_) : M.^ , 

(3) Monoidal structures on the functor (/^Dc— ) : M —>■ ^ AA. 

Each structure (1) induces structures (2) and (3). Moreover, if C is finite- 
dimensional there is a bijection between the three types of structures. 

Proof. First, we consider the relationship of structures of type (1) with structures 
of type (2). If X : C* ® C — > k, p G k is a monoidal structure on / : C ^ 
D, then the transformation with components @m^n ■ M ® N ^ M N given 
by @M,N{'m (g) n) = X ^ (w- <^ = Ylxi"!^! ® "-i)"^o ® n-Q together with the 
isomorphism k — > k given by multiplication by p is a monoidal structure as in (2). 
Indeed, for example the condition that the map Qm^n ■ Mj (g Nf (M (g N)f is 
a morphism of //-comodules -recall the notations of Observation [6l- is equivalent 
with condition ([6]) in Definition [2l A structure as in (3) is obtained in a similar 
way, using and p^^. 
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If we now assume that C is finite-dimensional we can proceed backwards in 
order to go from (2) to (1). Let be a natural transformation as depicted below. 



K,C . (-□c/+)x(-ac/+) . 

X ^ X 

i^) 



(16) 



Since all the functors in this diagram preserve filtered colimits, is determined 
by its restriction to the categories of finite-dimensional comodules. So we can 
substitute the categories of comodules in diagram by the corresponding cat- 
egories of finite-dimensional comodules. In the appendix -Section [S]- we prove 
that for a finite dimensional coalgebra C, composition with the tensor product 
functor : x M^j®^ induces an equivalence Lex[7W^®'^, A4^] ~ 

Lex[A4^,7W^;A^j?]. The category Lex[7W^, A4^; A^j?] appearing on the right 
hand side of the equivalence is the category of functors from M.^ ® to M.^ 
which are left exact in each variable-see also the Appendix for the definition of 
A^j ® -^z"- Using this fact, we deduce that natural transformations as in dia- 
gram (I16p are in bijection with natural transformations as in the diagram below: 

j^c®c ~^c®cU®f)+ ^ j^mo 



-□c®cp+ 



4' 



-□_D(g_Dp+ 



M9 ^ Mf. 

Also these type of natural transformations are in bijective correspondence with 
bicomodule morphisms {p{f ® f ))+ {fp)+. These bicomodule morphisms corre- 
spond bijectively to functionals x '■ C(^C — > k satisfying ^ x(ci <X>c']^)/(c2)/(c2) = 
/(cic'^)x(c2 (8) C2). The invertibility of Q is equivalent to the invertibility of x- 
Similarly, an isomorphism S : k ^ k Dc/^ is just an invertible scalar p such 
that pf{l) = pi. The axioms of a monoidal structure for Q,T, translate to the 
axioms of a monoidal structure on / for x, p. 

The relationship between the structures (1) and (3) is as follows. A monoidal 
structure X-C'^C'— >k,/9€kon/ induces a monoidal structure on (f^Oc — ) 
given by the D-comodule morphism m n ^ ® n^ijrriQ <8> ?^o : 

(Z+DcM) {f+UcN) f+Uc{M N) and by A ^ p'^X : k ^ Z+Dck. 
The proof of the converse, i.e. that when C is finite-dimensional every monoidal 
structure on (f^Oc) is of this form for a unique (x, p) is similar to the one pre- 
sented above for the case of right comodules. □ 

Corollary 1. In the situation above the functors n+Dk— = (— ) : -M^ '~^A4^ , 
(— )o = -□k?i+ : —* ^M^ , are monoidal. 

Proof. It follows immediately from the fact that n : k — >■ C preserves the product, 
the unit and the associator. Explicitly, u has a monoidal structure provided by 
X = id : k — > k and p = 1 € k. In this case, equalities ([6]) and ([8]) are trivial while 
condition ([7]) reads as(/>(l(8)l(8'l) = l, which is true by ([5]). □ 
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2.4. Some useful monoidal functors on comodule categories. In this sub- 
section we describe tlie functors we use along tliis work. 

Definition 7. If C and D are coalgebras we define tlie functors 

(_)o .C^D^ D-P_^C-P . (_^C)op ^ C^^ 

The functor ( — )° is the identity on arrows, and if M E '^M^ with coaction 
xi^TT-) = X] ^--1 ® ^0 ^ ^1) then M° has M as underlying space and coaction 
X°im) = ^1 ® "^0 ^ rri-i. In the case when C, D are coquasi bialgebras, (— )° 
has a canonical structure of a monoidal functor C-^Ai^y^^ —f^A4'~' given by 
the usual symmetry of vector spaces sw : M° (8) N° = {N M)° and the identity 
k ^ k°. 

The functor (— is defined as follows. If M S ) the underlying space of 
M"^ is M^, the linear dual of M. If c and e denote the standard coevaluation and 
evaluation, the coaction for M*" is: 

id^c^ ^ ^ ^ i^^x^id^ AfV ^ M C ^ C ^ M\ (17) 

On arrows, (— )^ is given by the usual (linear) duality functor. We call the right 
adjoint of M. When C is a coquasi bialgebra, {—Y has the following canonical 
structure of a monoidal functor (A^j)°p — > ^Mf. The unit constraint is the 
canonical isomorphism k = k^; if M,N G -^/) then the transformation (8> 
TV" ^ (M (g) iV)"" is given by the canonical arrows M'^ (g) TV"^ ^ (M (g) iV)^, which 
are isomorphisms by dimension considerations. We should remark that here we 
are not thinking as a categorical dual of the vector space M but rather as 
the internal hom Vect(M, k). This is the reason why (— )^ does not reverse the 
order of the tensor products. 

The definition of (— )^ is analogous, if G *^-^/; then: 

^N'^^N^N^ ^^^^N'^^C^N^N'' ^^^^C®N^. (18) 

If G ''^M.f, we call the left adjoint of N. When C is a coquasi bialgebra we 
have a monoidal functor (— )^ : {'^M.f)°^ -^/• 

For future reference we record the following results that can be proved directly. 

Lemma 1. Observe that (— )^ and (—Y are inverse monoidal equivalences and 
that {—Y^ = {~Y^ ■ monoidal isomorphisms M^^ = M = M^^ are just the 

canonical linear isomorphisms M = Af"^^. 

Lemma 2. For any morphism of coalgebras f : C ^ D, the diagrams in Figure 
[H commute. If moreover f is a monoidal morphism, the diagrams commute as 
diagrams of monoidal functors. 

Proof. Recall that if / has a monoidal structure x '■ C ® C ^ h, p k, the 
monoidal structures on (— □c/4.) and (Z+Dc— ) are induced hy Xi P and x^^-, P~^-, 
respectively. Also, it is easy to show that the monoidal structures on (— □c/+)°p 
and (Z+Dc— )°P are induced by x~^jP~^ and Xj P respectively. The verification 
of the Lemma is direct. □ 
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(_^C)op i-OcUr^^ (M^\op 



i-r 



f 



f+ac- 



(-)'■ 
/ 



/ 1^ r \ rev 



i-r 



'M 



D' 



i-r 

'M 



FlGURE 1. Diagrams in Lemma [2] 



i-r 



Lemma 3. For any coquasi bialgebra C the following diagram of monoidal func- 
tors commutes. 

((_)o)op 



ii-Yr" 



i-r 



i-r 
f 



Lemma 4. The following two monoidal functors are monoidally isomorphic to 
the identity functor via the canonical maps M ^ M'^'^ 



M 



C tL^ C_^f ilL (7WC°^°P>-^^ t}L C°urev i^ll 



7 



/ 



M 



i-r 

oprev v / ^ 

3. Duality 



{M 



f 

C°\rcv 
f > 



M'f' 



i-r 



In the case that the map S is invertible -for example if the coquasi Hopf algebra 
H is finite dimensional- the monoidal categories ^Mf, and ^A4j are rigid. 

In the case of ^A4^ , e.g., we need to construct for every object M a left and a 
right dual -denoted as *M and M* respectively- together with the corresponding 
evaluation and coevaluation maps. 

If (M, x) G ^M.^ and is the dual of the underlying vector space, M* = 
(M^,X*) where x* is the composition 



The evaluation and coevaluation morphisms are given by 



(19) 



H. 



and 



coev 



(20) 

M®*M (21) 
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It is not hard to check using Q that ev^ and coev^ are morphisms in . 
Moreover, the maps ev^ : *M^M ^ k G ^M" and coev^ : k M®*M G ^M"^ 
satisfy 

idM = M ^"'^"'^'^ (M ®*M)®M M(^{*M® M) M (22) 
and 

id.A^ = *M }!^^^ *M^{M^*M) (*M®M)®*M *M. (23) 



These equations are direct consequences of pOj) and pTj) . 
Analogously, *M = (M^,*x), where *x is the composition 



The corresponding right evaluation and coevaluation morphisms are: 



(24) 



ev'-:M0M*^F^M0i/®M*^^^^^^^M®M*^k (25) 



and 



coev'-:k^M*®M^M*®/7®M0F^^i^^^^^M®M* (26) 

As before one easily verifies that ev^ and coev*" are morphisms in ^A4^ and also 
that they define a right duality. 

Observation 11. In explicit terms the comodule structures for the duals are 
given by the following formula. If (M, x) € ^A4^ and / G *M and m G M, then 
*xif) = E /-I /o ® /i G ^ «) *M if and only if: 

/o(m)/_i /i = ^ /(mo):S(m_i) (g) 5(mi). 

Similarly if (M, x) ^ and / G M* and m G M, then x*(/) = E /-i ® /o ® 

fi £ H (g) M* H and only if: 

X] /o("i)/-i ® /i = X] /(™'o)5'(m_i) S'(mi). 

Lemma 5. For the category Ai^ , the duality functors can be expressed in terms 
of the functors in Definition^ in the following way. 

*(-) : {Mfr ^ ^ Mf"" ^E^i!!^^ Mf 

(-)* : {Mfr ^^^^ (^^°'A^/)°P ^ Mf"" A^f 

Theorem 3. If H is a finite dimensional coquasi Hopf algebra, then its antipode 
has a canonical structure of a monoidal morphisms of coquasi bialgebras S : H° 
H. Moreover, this structure is given by the functional x^ '■ H ® H ^k. 

X^(x(g)y) = ^^"^(^(ys) ® S{xs) ® X5)a{x4)(l}{S{y2)S{x2) (S> xq (g) y^) 

a{yi)(3{xsy7)(t>{S{yi)S{xi) ® {x-jyo) ® S(xgys)). 
and corresponds to the usual monoidal structure of the left dual functor *{—)■ 
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Proof. By general categorical principles, the left dual functor has a canonical 
monoidal structure *(— ) : (A^^)°p'''^^ — > . This can be explicitly computed in 
terms of the coquasi Hopf algebra structure of H. On the other hand, we know 
the monoidal structures of the equivalences {—Y and (— )°, hence we can explicitly 
compute the monoidal structure of (— □/fcop5+). The latter is given by a monoidal 
structure on the coquasi bialgebra morphism S : H° H (see Theorem [2]), and 
in fact it is given by the functional above. □ 

Note that the formula for above is written in function of the comultiplication 
of H not of the domain of S: H^°^ . 

The functional in the theorem above appeared in [3], and in the dual case of 
quasi Hopf algebras in [7]. 

Theorem 4. Let H he a finite- dimensional coquasi Hopf algebra and consider 
the monoidal structure on S introduced in Proposition above. The canonical 
linear isomorphisms M = M^^ provide the components for monoidal natural 
isomorphisms 

**(_) ^ -UhSI : A4f ^ Mf (-)** = -UhS\ : Mf Mf. 

Proof. If follows directly from Proposition [3l Lemma [2] applied to S : H^°^ — > H 
and Lemma m □ 



4. The fundamental theorem of Hopf modules 

In this section we present a generalization to the case of coquasi~Hopf algebras 
of the fundamental theorem on Hopf modules introduced by Sweedler in . For 
a modern presentation of this general case see also |2H [22] . 

4.1. The fundamental theorem. In this section we establish the basic set up 
in order to state and prove the fundamental theorem on Hopf modules in our 
context. 

In this section, in order to use (formal) duality arguments, we work with a 
braided monoidal category that we call V and with unit object k (see [12] as a 
general reference) . Moreover we assume that V has equalizers and that the tensor 
product preserves equalizers in each variable. 

The braiding 7 is a natural isomorphism 'yx,Y ■ X CS) Y — > Y X and its 
existence ensures that the natural transformations: 

^ — / / (idiS'7y' zliXiid 

{X (^Y) {Z ^W) ^ {X ^ {Y Z)) W — > {X0{Z(^ Y)) W 

^ {X (^Z)(S}{Y (g)W) 

define a monoidal structure on the functor (8) : V x V ^ V. Here we are endowing 
the category V x V with its usual monoidal structure: {X,Y) (g) {X',Y') = {X (8> 
X',Y(^Y'). 

Using the coherence results in [Ql, we may assume without loss of generality 
that V is a strict monoidal category. 

In the above set up, given a braided monoidal category V, one can define 
coalgebra, comodule, coquasi bialgebra and coquasi Hopf algebra objects in V. 
The braiding ensures that the tensor product of two coalgebras is a coalgebra, 
and likewise with comodules. The fact that the tensor product in V preserves 



MONOIDAL CATEGORIES OF COMODULES 



15 



equalizers in each variable, allows us to define the cotensor product of bicomodules 
in exactly the same manner than in the case that V is the category of vector spaces. 

If C is a coquasi bialgebra we denote as V*^, *^V, '^V'^, and '^V^ the 

categories of right, left and bicomodules, and the category of left and right Hopf 
modules in V respectively. The first three categories have monoidal structures 
induced by the tensor product of V. 

The category of bicomodules has also a monoidal structure given by the cotensor 
product Dc. 

In the same manner than in Definition [U we can define the bicomodules 
and /+ for a morphism / : C — > of coalgebra objects in V. 

For a coquasi bialgebra C in V, we call n : k — > C the unit morphism. In 
this situation we can consider a pair of adjoint functors (u'''nk— ) H (n+Dcr— ) : 

Explicitly, if M is a bicomodule, u+DcM is the right comodule of left coinvari- 
ants ™*^M and if is a right comodule, n"''nkA^ is the basic object N gV with the 
same right coaction than and with left coaction given by u(8>id7v ■ N ^ C ®N. 

Definition 8. If C is a coquasi bialgebra in V, we define the free module functor 
i? : CyC ^ gyC _p(M) = C (g) M for M G '^V'^. This functor, together 
with the forgetful functor U : qV''^ — > '^V'^ constitute a pair of adjoint functors: 
F H [/ : ^V*^ ^ '^V'^. Define the functor L : V*-^ ^ as the composition 

L = Fo(u~^n\k—). Clearly L will have a right adjoint given as (n+Dc— )oC/. 

The monoidal structure Dc, lifts from '^V'^ to the category of Hopf modules in 
such a way that if U : qV'~' — >■ '^V'^ is the forgetful functor, then the adjunction 
F -\ U : qV-^ —>■ ^V'~' is monoidal (i.e., U is lax monoidal, F is strong monoidal 
and the unit and counit of the adjunction are monoidal natural transformations). 

We want to show that under certain additional hypothesis, the functor L is a 
monoidal equivalence. 

Without imposing further restrictions on the category V, it is not hard to prove 
the following result, that is analogous to \2V; Prop. 3.6] where the difference 
being that in the above mentioned paper the result is formulated for the case that 
V = Vect (see also [2H Lemma 2.1]). A general theorem that yields in particular 
the lemma we present below, appears in [181 Prop. 3.4]. 

In this lemma we will need the following piece of notation. If C, -D, C", D' are 
coalgebras in V and U G V ^ and V G *^ V ^ , we will denote hy U • V G 
c®c 1^ D®D object U ®V equipped with the obvious bicomodule structure. 

Lemma 6. The functor L : (V'^,Ik, (g)) (gV"-^, C, Dc) is fully faithful and 
monoidal. 

Proof. It is well known that the functor L is fully faithful if and only if the unit 
of the adjunction L H (tt+Dc— )J7 is an isomorphism. It follows from the dual of 
im Lemma Al.1.1], that it is enough to exhibit a natural isomorphism between 
(n+Dc— )[/L and the identity functor of . 

The composition UL : V"-* ^ '^V'^ can be written as UL{M) = {C»M)Ucmp+- 
We have natural isomorphisms 

u+Uc{C • M)Ucmp+ = {u+ • M)Ucmp+ = MUc{u+ • C)Ucmp+ = M 

where the last isomorphism is induced by (ti+ • C)U\Qmp+ = {{u (g idc)p)+ = 
(idc)+ = C . This shows that there is a natural isomorphism uj^'dcU L{M) = M. 
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We will now exhibit a canonical monoidal structure on L. The basic observation 
is that, for M G , L{M) = C (u+DkM) is isomorphic to (C • M)nc02p+, 
where C G '-'.M^' is the regular bicomodule. Then, we can form the composition 

L{M)acL{N) ^ {{C • M)acmp+)nc{{C • M)acmp+) 

^ (((c • M)nc«2p+) • iv)nc»2p+ 

^ (C • M • iV)nc«3 {p+ • C)acmp+ (27) 
^ {C • M • N)Dc03iC •p+)Dcs,2p+ (28) 

^ (c • (M ® iv))nc«2p+ 

^ L{M®N). 

All the isomorphisms above follow easily form the definition of the contensor 
product except for the isomorphism between ([27]) and ([^5]) . which is induced by the 
isomorphism {p+»C)n(jmp+ = {{p0idc)p)+ — ((idc<^p)p)+ — {C •P+)Ocs>2p+ 
that is induced by the associator (p. 

The isomorphism described above together with the obvious isomorphism k = 
L(k) provide a monoidal structure for L. The axioms of a monoidal functor follow 
easily from the axioms satisfied by the associator (p. □ 

In the presence of an antipode, one obtains the following strengthening of the 
above results. This form of the fundamental theorem on Hopf modules for coquasi 
Hopf algebras is a consequence of [181 Theorem 7.2]. It follows easily by a simple 
adaptation of the arguments of the Section 11 of the same work. 

Theorem 5. For an arbitrary coquasi Hopf algebra in V, the associated functor 
L is a monoidal equivalence. 

Observe that we do not ask V to be abelian or additive. Neither we assume 
anything about the existence of duals in V. The only requirements on V are that 
it is braided monoidal, with equalizers that are preserved by the tensor product. 

For a version of Theorem [5] over Vect, see for example |22j . 

In order to apply this theorem to our context, we need its right version that 
will be deduced below. 

Observation 12. Consider the braided monoidal category "l/"^*^^, which has the 
same underlying category as V, the same unit object but the reverse tensor product 
X Y = Y ® X, see Section E If jx,Y : X ® Y ^ Y X is the braiding 
in V, then the braiding in V^^^ is ~ 7yx- '^^^ symmetry in the definition 
of coquasi bialgebra implies that if {C,p,u,(p) is a coquasi bialgebra in V, then 
{C,p,u,(p) is a coquasi bialgebra in V''*'^. Moreover, if {S,a,[3) is an antipode for 
the coquasi bialgebra H in V, then (S,P,a) is an antipode for H in V'^'^^. 

Corollary 2. Suppose H is a coquasi Hopf algebra with invertible antipode in 
V. Then the functor R : —> defined as the composition of — : 

— > with the free right Hopf module functor — > ^Vjj is a monoidal 

equivalence from to . 

Proof. Let us denote V'^'^^ by W. If {H,u,p,(l)) is a coquasi bialgebra in V, as we 
saw in Observation 1121 {H,u,p,<j)) is a coquasi bialgebra in W, and if {S,a,f3) is 
an antipode for H in V then (S, /?, a) is an antipode for H in W. 

Clearly, as monoidal categories we have that = (W^Y''"', ^V^ = {^W^f^ 
and ^V^ = {^W^Y''^. The functor -□kn+ corresponds to u+D- : 
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and the free ff-module functor — > to the free //-module functor 

coquasi Hopf algebra H in W, and 
hence it is a monoidal equivalence as we wanted to guarantee. □ 

4.2. The case of invertible antipode. In this section we prove that the com- 
position of the functors ^"'"□ik— : ^ ^J\A^ and the free right //-module 
functor F : ^A4^ is a monoidal equivalence when H has an invertible 
antipode. 

First we deal with the general case of a coquasi bialgebra. 

Lemma 7. For a coquasi bialgebra C, the functor /^(n+Dt-) : ^M^ 
is left adjoint to {u+Uh-)U ■ ^M^ where U : ^M^ is the 

forgetful functor. Moreover, the counit transformation corresponding to the above 
adjunction is the following: if M G '^'M(^, then em '■ oC^"*^^) ® C ^ M is the 
map EMifn® c) = m ■ c. 

Proof. The assertion about the adjunction is clear. If e' and e" are the counits of 
F -\ U and (n'^'Dt— ) H (n+Dc— ) respectively, then the counit of the composition 
of these functors is 

e : F{u+nk-){u+nc-)U FU ^ id. 

For M G '-VV4*^, the transformation e'^j is the inclusion of oC^"*^^) in M, while 
for A'' E '~"A4(i, e'^ : N iS) C ^ N is given by the right action of C on A^. Therefore 
e is indeed given by the above formula. □ 

Definition 9. Let // be a coquasi Hopf algebra. Define a functor I : — > ^Ai 

as the composition a4 > M > a4. In other words, on objects 

I{M, x) = (M, (S id)swx), and on arrows X is the identity. 

Corollary 3. In the situation above the functor I : TW^''^^ — s- is monoidal 

Proof. It follows immediately from: a) the equality 

b) the fact that (— )° is monoidal -see the comments after Definition 0-; c) The- 
orem [5J □ 

The following natural transformation will be crucial in the proof of Radford's 
formula. 

Theorem 6. Let H be a coquasi Hopf algebra with invertible antipode. For M G 
Ai^ the arrows tm : M (gi H M H defined as TM{m ^ h) = Y^ mocl)~^{mi 
5(771,3) (8) h2)(3{m2) S{m4)hi are the components of a natural transformation 
between the functors Fo[—)qoT and Fo o{—) : Ai^ — > ^Ai^. Moreover, the 
natural transformation r is invertible and its inverse is given for all M e by 
the formula: T^{m ®h) = ^(p{S{mi) (g) hi)a{m2)mo (8> 711-4/12. 

Proof. It is convenient for the proof to split the map tm as follows. First define the 
map -Km '■ (XM)o qM H as TTM{rn) = ^ mo (3{mi)S{m2). An elementary 
computation shows that 

TM : {TM)o ® H (oM ®H)0H ^£^^^ {H H) ^ ® H 
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The structure of /f-bicomodule on (Fo (—)q oI)(M) = M0H is m0h>-^ 
J2 S{mi)hi (g) mo h2 /13, while the structure on [Fo o(— ))(M) = M ^ H is 
m®h 1-^ ^ hi®mQ®h2®mih-i. A direct verification shows that vrjv/ is a morphism 
of bicomodules. Hence tm is a composition of morphisms of bicomodules. The 
compatibihty of tm with the right action of H is deduced directly from the fact 
that ttm ® id and (id ® p)^qM,h,h are morphisms of right if-modules. The H- 
equivariance of the first morphism is obvious, while the equivariance of the second 
is a consequence of the following general fact -that we apply in the situation that 
C = ^M.^ and A = H-. If {A,p^u) is an algebra -also called a monoid- in an 
arbitrary monoidal category C (that in accordance with [12] can be assumed to 
be strict) then, for any object X the arrow id ® p : X ® A ® A ^ X ® A is a, 
morphism of right ^-modules. 

Finally, the verification of that the maps tm and are indeed inverses to 



each other is a direct computation. 



□ 



A version of the above lemma for quasi Hopf algebras appears in ^22j. Our 
proof is similar. 

The following result is an immediate consequence of Theorem [6] and Corollary 

m 



H\rev 



Corollary 4. In the situation above, the functor F{u'^n\^—) : {A4 
has a unique monoidal structure such that t is a monoidal natural transformation. 
In particular, with this structure F{u'^\I\k—) is a monoidal equivalence. 

We end the section with the following observation, that will be used in Section 



Observation 13. If M,N € and P,Q£ ^A4, there exist canonical isomor- 
phisms of bicomodules 

{{patu+) ® H)aH{{Qatu+) (g)H)^ {Patu+) ® ((Qnkn+) h) 

If / : (Pnkn+) — > (u'^DikM) and g : (Qnk^i+) (u'^OkN) are morphisms of 
bicomodules, then the following diagram commutes 



fOng 



((u+DkM) H)DH{iu+DtN) ® H) 



((u+DkiV) (Pnkn+)) H 

id(g)/ 

(u+n^N) <S) ((u+DkM) H) 
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5. The Frobenius isomorphism and the object of cointegrals 

Suppose that H is a coquasi Hopf algebra with invertible antipode. If M is a 
left i7-module in the category ^M.^ its left dual *M, is an object in in a 

functorial way. If om : H ® M ^ M is a, i?-module structure of M in ^A4^ , the 
corresponding structure a*M ■ *M H ^ *M is given by 

*M®H i^®^^(*jvf (^H)®{M® *M) ^ {*M 0iH^ M)) ® *M 

(id^aM)0id^ ^,^ ^ M) *M ^ *M. ^^^^ 

From now on we assume that is a finite dimensional coquasi Hopf algebra. 
If we take H G ^A4j as a left i?-module with respect to the regular action, its 
right dual *H is canonically an object in ^M^. An explicit description of the 
right iif-structure defined above for *H is the following: if / € *H and x,y £ H, 
a-nif <Xi x){y) = (/ • x){y) is equal to 

if-x){y) = 

'^(j)'^{S{x5y7)xi ®y3® S{yi))aS{y2)<p{S{x4,ye) X2 yA)PS{x3y^) 

f{xQys)4'{S{x7y9)xu «) yis «) 5'(yi5))0~^(5(x8yio) ^ xio (E> yi2)aix9yu)P{yi4,). 

(30) 

It is important to notice that in the above formula -and in the formula for the 
Frobenius isomorphism- we obtain the expression for f ■ x E *H in terms of the 
standard evaluation of vector spaces H"^ (g) — > k. 

Theorem 7. If H is a finite dimensional coquasi Hopf algebra, then there exists a 
unique up to isomorphism one dimensional object W € A4^ such that there is an 
isomorphism qW ^ H = *H € ^A4^. Moreover, W can be taken as the space of 
left cointegrals of the Hopf algebra H and the isomorphism -called the Frobenius 
isomorphism- is the map T given by 

T{{p x) = if ■ x (31) 

where the action used is the one defined in (I29p and applied to M = *H in 
accordance to the formula ([50]) . 

Proof. The existence and uniqueness of W follows immediately from the fun- 
damental theorem on Hopf modules-see more specifically Corollary [2]-. The 
characterization of as a space of left cointegrals is deduced directly from the 
explicit description of the inverse functor of Foq[—) as the composition of the 
forgetful functor U : ^ M.^ — > Ai^ with the left fixed part functor -see the 
considerations previous to Lemma [6]-. Thus, W is the space of left coinvari- 
ants of *H with respect to the coaction described in p4p . In explicit terms 
W = {if G *H : *x{v) = 1 (8> Using the description of *x, appearing 
in Observation \TT\ we conclude that (f (z W if and only if for all x E H, 
^{x)l = Yl Sixi)^ix2)- In other words ^{x)l = Ylxi(p{x2) and then ip G *H 
is a left cointegral. The description of the counit of the adjunction as the map 
given by the action -see Lemma [3- will yield the characterization (|31|) . □ 

Observation 14. In the same manner than in the classical case, from the ex- 
istence of the isomorphism we conclude that W, the space of left cointegrals, 
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is one dimensional. Hence, one can prove the existence of a group like element 
a G H such that ip{xi)x2 = ^p{x)a for b1\ if G W and x € H. The element 
a H is called the modular element. 

Observation 15. Using the definition of the modular element a just presented 
as well as formula (I30p applied to the situation that f = ip is a cointegral, we 
obtain the following explicit formula for the Frobenius isomorphism. 

J'{ip(g)x){y)=a{a)P{l) 

iSiy2^ a0 Syi)ip{x2y3)4>{^3 ® /3 ^ y4 <Xi Sy^)(t){a~^ ®a® Sye) 

(32) 

Lemma 8. The coaction xw '■ W ^ W ^ H is of the form Xwiv) = ^® for 
a G H as above. 

Proof. As W is one dimensional, the coaction xw is of the form xwif) = <f b 
for b G H. The definition of the right comodule structure on W (see Observation 
[TT]) yields -for x G H- the formula: ^(^(xi)5(x2) = ip{x)b. It follows then that 
S{a) = = b -see Observation 01-. □ 

Observation 16. a) The comodule W is isomorphic to a~^+ G Ai^ , where 

'.k^His the coalgebra morphism induced by the multiplication by a~^. 
b) Similarly, the coaction in *W is given as x*vf(^) = t <Si a ioi t € *W. Hence, 
*VF is isomorphic to a+ S . 

Recall that we abbreviated the functors u+Dk— and by o(— ) and (— )o 

respectively. 

Observation 17. W G as well as qW G ^M.^ are invertible objects in the 
corresponding monoidal categories. In other words, the functors — : —>■ 
and —^qW: ^A4^ — > are equivalences and it is clear that the inverse 

equivalences are obtained by tensoring with the corresponding duals. 

For use in the next section we write down the following definitions. 

Definition 10. Define the following functors c|y,c^y : ^M.^ —>■ ^A4^ as follows: 

c\v = ioW -) O o*W and c^^ = qVF O (- o*W) 

Observation 18. It is clear that c\y and c^y are monoidal functors that are nat- 
urally isomorphic via the natural transformation given by the obvious associator. 
In the notations of Theorem [7] and using the fact that c\y , c^y are monoidal func- 
tors, we conclude that {qW (g) (g) qW and {qW ® H) ^ qW are algebras in the 
category ^M.^ . 

6. Radford's formula 

In this section we use categorical methods to prove Radford's formula expressing 
in terms of conjugation with a functional and a group like element. In the 
second part of this section we prove the monoidality of the functional. 

6.1. Radford's formula. We use the notations of the last section and assume 
that H is a finite dimensional coquasi Hopf algebra. We will take basis elements 
9? G W , t G *W normalized in such a way that t{ip) = 1. 
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Lemma 9. In the notations of Theorem^ the isomorphism in 

is a morphism of algebras. Moreover, if we define the Nakayama isomorphism 
M : H ^ **H by the formula: N{x) = "f{{ip ® x) ® t), then the commutativity of 
the diagram below characterizes N : 



H®{W®H) 



{H®W)®H 

T sw ® id 



Proof. The multiplicativity of 7 follows immediately from the fact that JF is a 
morphism of ff-modules and from the commutativity of the following diagram 
that is a direct consequence of the definition of the action a*H '■ *H ® H *H 
-see Definition (I29D-. 



id (g)p 



The assertion concerning M follows directly from the definitions. 



□ 



Observation 19. a) The fact that 7 is a morphism of algebras is valid in the 
following general context. Let C be a rigid monoidal category and let a,w & C 
be respectively an algebra and an arbitrary object. Let T : w CS) a ^ *a he an 
invertible morphism of a-modules in C, then the object {w0a)0 *w is an algebra 
in C and the map 



7 : (tf (8) a) (8) *if 



a (g) w 



{w ® a) 



is a morphism of algebras. 

b) In the case of ordinary Hopf algebras, the commutativity of the diagram that 
characterizes M after identifying H with its double dual reads as ip{yM{x)) = 
(p{xy) that is the usual definition of the Nakayama automorphism. 

Lemma 10. In the notations of Theorem\^ and Theorem^ if M is an object in 
, then the morphism Cm ■ **AM)q {{qW ® H) ^W) ^ ** qM {{qW ® 
H) ® qW) defined by the commutativity of the diagram below is a morphism of 
right {qW (g) -modules. 



**{1{M)q®H) 



**I{M)o 

id (g)7^^ 



**{oM'E)H) 



id iS)7~l 



(33) 



*^M®{{oW^H)(S)*oW) 
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Proof. Being tm a morphism of //-modules it is clear that lum is a morphism of 
**i/-modules. Then, from the fact that 7 is an algebra morphism and that all the 
modules involved are free over the corresponding algebra objects, it follows that 
is a morphism of (Wq (X" H) (g) *Wo^niodules. □ 

Definition 11. Define vm : **I{M)o O [qW (g) H) ^ **M ® {qW H) as the 
unique morphism such that the diagram below commutes. 

**T(M)o ® iioW ^H)(g) *oW) — ^ eg {{oW Cg H) (g ^W) 

(**T(M)o (g ioW ® H)) *W ^ (*o*M ® (oT^ H)) ® *W 

The existence of um and the fact that it is a morphism in ^A4^ follows imme- 
diately from the considerations of Observation [T71 Moreover from the fact that 
is a morphism in ^-^(^iy(g)H)(g)*iy follows that z^m is a morphism in ^TM^. 

The monoidality of T gives canonical isomorphisms 2{M**) = **I[M). Com- 
posing with vm we get an isomorphism vm ■ I{M**)Q<g) {qW ® H) *qMiS{oW0 
H). 

For M ^ A4^ , consider the following composition or arrows in ^A4^, from 
oW* (g) {{*o*M oW) O H) to qM** H. 

Cm ■■ oW* ®l*M®QW(gH ^w* T(M**)o ® qW (g H ^ 

^^^^oW*g>oW(gIiM**)o^H^^^^^oM**0H (34) 

Here we omitted the associativity constraints for simplicity. However this does 
not introduce any ambiguity as long as we know how to associate the domain and 
codomain, by the coherence theorem for monoidal categories. 

The composition is a morphism in ^A4^. Indeed, Vm and tm** are mor- 
phisms of Hopf modules; the morphism id sw (g) id is the image under the free 
Hopf module functor ^A4^ of the morphism of bicomodules id (g sw : 

qW* ®T{M**)q (goW ^ qW* oW ®I{M**)o. Observe that sw is a morphism 
of bicomodules because the trivial comodule structures in each tensor factor are 
added on opposite sides. 

Definition 12. Denote by hm '■ W* (g (**M (g W) M** the unique morphism 
in such that fiM '8' idn = Cm- 

It is clear that /i is a natural isomorphism between the functors W*0{**{—)^W) 
and (-)** : . 

Corollary 5. The canonical linear isomorphisms M = M^^ together with fi give 
a natural isomorphism in Ai^ 

MDnpia-'^ ®p(S^ ®a))+ ^ MDhSI- (35) 

Proof. First we use Theorem SI and substitute **M by MOhSI and M** by 
2 

MUi{S_^_. In this manner we obtain from fiM an isomorphism 

w* {{mdhsI) (g ly) ^ mdhSI- 
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W* ® **M (S)W(E)W*(S)**N^W !^^LJX **M ® **N 

idiS'idiS'eviX'idiS'id 



id 



(37) 

Figure 2. 

Now using the fact that W = a]j]^ -Observation [TBI - and the conclusions of Ob- 
servation [10] part b) we deduce our result. □ 

Theorem 8 (Radford's formula). There exists an invertible functional a : H 
such that for all x ^ H 

a-^{f{x)a) = S'^{a ^x^ cj-^). 

Proof. It easily follows form Corollary [5] and Theorem [TJ Indeed in the situation 
of Corollary [5] the theorem guarantees the existence of a functional a such that 
-see Observation [3 p{a-^ (g)p(5^ a)){x) = S'^{a x ^ a''^). □ 

The functional a defined in the theorem above is the analogue for finite dimen- 
sional coquasi Hopf algebras of the modular function of a finite dimensional Hopf 
algebra. See Section [71 

Observation 20. The above formula can be transformed into another similar to 
the classical formula: 

S'^{x) = {a-\B ^ X ^a-^))a (36) 

where a is another invertible functional that can be computed explicitly in terms 
of the above information. 

6.2. Monoidality. In this section we prove that the natural isomorphism /x of 
Definition [12] is monoidal. We shall work as if the monoidal category {^A4^ , k, 0) 
were strict, and hence ignore the associativity and unit constraints. This can 
be formalized by passing to an monoidally equivalent strict monoidal category. 
Indeed, our proof does not depend on the fact that we are working with the 
category of comodules, but only on certain properties satisfied by the several 
arrows we consider. 

The functor given by M I— > W* ®M®W has a canonical monoidal 

structure given by the constraints 

®M ®W (^W ®N ®W id^i'^^^^^'d^id^ ®M ®N (^W 
k W* ®W ^W* (^h(^W 



These morphisms are isomorphisms because W is an invertible object -it has 
dimension one-. 

Theorem 9. The natural transformation fx in Defimtion\l^ is monoidal. 

The assertion that /i is a monoidal natural transformation is expressed in the 
commutativity of the diagrams in Figure [2] 
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(id)ev(id) ^ 
(oM'*)(*0*f)(oM')(oW'*)(*oJV)(oW)ff S- {oW*){*'^M)C^N)(oW)H s- (oW*)(*2(MAr))(olV)ff 



(oW*)CoM)(oW)(oW*)(X{N**))(oW)H ^ (oW*)C^M)(X{N**))(oW)H 



(id)sw(id) 



{id)sw(id) 

(„W*}C*M)(oW)(oW*)(oW)(I(N**))H ^ (oW*){*SM)(oVK){I(]V**)o)ff (C) (oW)(X(MN)q)(qW)H 



{id)(id){id)ov{id)(id) 

(oW*)(*5m)(oW)(X(JV**)o)H 




(oW)(*SM)(oW)(oAf**)ff 



(0MM)(id)(id) 



(oM**)(oJV**)H 



sw(id) 

(I(N**)o)(oW*)(*'^M)(oW)H 



idC, 



(sw)(; 



d)(id) 



(I(JV**)o)(oW'*)(X(M**)o)(oW')H ^ {xaMN)**)o)(oW*)(oW)H 



(I(JV**)o)(I(M**)o)(oW*)(oW)if 
(id)(id)ev(id) 



(id)ev(id) 



(A) 



(I(JV**)o)(I(M**)o)H ■ 
(id)^-J^^* 
(I(Ar**)o)(oM**)if 

sw(id) 
(oM**)(X(N**)o)H 



(B) 



(X((MiV)**)o)H 



idTj^ft 



(o(MAr)**)jf 



Figure 3. 



(X(M)o ® H)nH{I{N)o ii-) X(Ar)o 1{M)o ® ^ I{M N)o ^ H 

2^(Ar)o (8> oM (2) iJ 



TmOhTn 



(D) 



sw(g>id (E) 



oM (8) X(iV)o (8) -H" 

(oM (8) i?)nij(oA^ (g) i?) = ^ oM(g)oN(g>H ^ o(M (g, N) H 



tm^n 



Figure 4. 
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swiSiid 



oW* (g) *IM ®qW® 1{N**)q (g) H 

idiSiid^idCgjTjY** 
\ 

qW* ® *IM ®qW ® qN** (g) H of^M&d&d 
qM** (g) oN** H ■ 



id(g)Tjv* 



Figure 5. 



■ X(iV**)o ^ oW* ®*IM ®qW (gH 

idiX)o/iAf®i<i 

X(iV**)o oM** g) H 

swC>5id 



swi^iid 

**T(A^)o g) *$M g) ® -^i' 



*1{M (gN)® o(M (g A^) g) oM^ g) 
**I{{M ® Ny*)Q ® ® H 
^ **I{N)o g) **X(M)o (^oW^H 



Figure 6. 



%M g) **I{N)o g) 

swiXiid 

*I{N)o g) **M g * * ii" . 



* * g A^) g 
** -1 

'''MgiJV 

**J(M g iV)o g **H 



^ **I{N)o g **I{M)o g **F 



Figure 7. 

Proof. We divide the proof in two parts. In some diagrams, we omit the symbol 
g as a saving space measure, adding parenthesis when necessary. 

First axiom. The image of the diagram on the left hand side of Figure E] is the 
exterior rectangle in Figure El So it is enough to show the latter commutes, as 
the functor M qM ® H is an equivalence by Corollary SI The sub diagrams 
left blank commute trivially. 

The diagram marked by (A) is just the commutative rectangle in Figure O This 
is easy to show using the naturality of sw and the definition of /i. The diagram 
(B) in Figure [3] commutes if the diagram marked by (E) in Figure U] commutes for 
all M,N. To show this, observe that the exterior rectangle in Figure H] commutes 
by monoidality of r and that the sub diagram (D) commutes by Observation [T3l 

Finally, the diagram marked by (C) in Figure H] commutes if and only if the 
diagram in Figure [6] does. If we tensor this diagram with qW* on the right, after 
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{oW*){**ok){oW)H 



(id)i(id)(id) 



(id)j(id) (id)"6l(id)(id) 




iok)H 



(id)sw(id) 

{oW*){oW){*lk)H 

ev(id) 



(id)(id)"9(id) 
**0(id) 




(id)sw(id) 

:oW*){oW){**2{k)o)H 

(cv)(id) 

{**Iik)o)H 

S{id) 

{I{k**)o)H 



Figure 8. 



composing with the isomorphism 7 : qW H qW* = **H of Lemma [9l we get 
the diagram in Figure [71 which commutes as the diagram (E) referred to above 
does. 

Second axiom. Now we prove the commutativity of the diagram involving k in 
FigureEl For this we will need some notation. The symbol k will denote the trivial 
left iif-comodule. Let us denote the canonical isomorphisms between k and both 
**k and k** by j. As T is a monoidal functor -see Corollary [3]-, we have canonical 
isomorphisms 5 : **I{k) I(k**) in and 6 : X(k)o ok in ^M^ . One useful 
observation is that, as the monoidal structure on X is the unique one making r a 
monoidal natural transformation, we have 9 CS) id = ■ X(k)o ® H ^ okiSi H. 

The diagram we want to show that commutes lies in the category A4^; hence, 
we may equivalently show that its image under the functor M 1— > qM CS) H of 
Corollary U] commutes. This new diagram is the one outer diagram in Figure [51 
Indeed, the image of fit is the arrow C in ([H^ . that, by naturality of sw, is equal 
to the composition {6 id)(ev (g) id) (id (g) sw (g) id) (id fj^^) on the right hand side 
of the diagram in Figure [HI The only sub diagrams whose commutativity is not 
obvious are the ones marked with (a), (b) and (c). 

The commutativity of the diagram (a) follows form the following observation. 
By definition, id*w corresponds, up to composing with certain canonical 
isomorphisms, to **Tk -see Lemma [TU]-. On the other hand, **9 (g id id id : 
**I{k)Q®oW®H®oW* *Qk'S)oW'S)H^oW* also corresponds, up to composing 
with the same canonical isomorphisms, to **Tk (this because 9 (g idj^ = Tk). It 
follows that the diagram (a) commutes. 

The diagram made by (b) commutes because 9 is induced by the monoidal 
structure of I, and monoidal functors preserve duals. 

Finally, the diagram (c) commutes by naturality of r. 

□ 
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The monoidality of the natural transformation /x just proved translates into 
properties of the functional a in Theorem [HI We compute the below in an explicit 
way the monoidal structure of a. 

Observation 21. The functional a induces the natural isomorphism of Corollary 
[5l which is monoidal since fi is. Therefore, if we know the monoidal structures of 
the morphisms p{a^^ (E> p{S'^ ® a)) and S'^, we can deduce the equations satisfied 
by a. More explicitly, if these morphisms have monoidal structures (xiiPi) ^-nd 
iX2,P2) respectively, then a satisfies 

Xi -k ap = {a <^ a) -k X2 pia{l) = p2. (38) 

The antipode S : H° — > H has a monoidal structure (x'^,1), where is 
given explicitly in Proposition O By Observation [2] we have that 5^, which is the 
composition of 5™p : H ^ H° and S : H° ^ H, has {x^{S 5) * (x^)-^sw, 1) as 
monoidal structure. This is because S'^p has a monoidal structure ((x'^)~^sw, 1). 
The inverse of the antipode S : H° — > H has a canonical monoidal structure given 
in terms of x^ by {{x^)^^{S S), 1). Thus, 5^, this is, the composition of S with 
^cop , H° ^ H, has a monoidal structure {x^{S^ <S) S^)sw * (x^)"^'^ ® S), 1). 

The morphism p{a~^ p{id IS) a)) : H —>■ H is monoidal with a monoidal 
structure given by (xo; 1) where xo is the following product in {H H)'^ . 

(/)"^(a~^(g)(-)a(g)a^^((?)a))*0((-)a®a~^ (g)(?)a)*<?!)"^(-(g)a(g)a~^)*(/)(-(g)?(g)a) 

Then, the monoidal structure {xi^ Pi) of the composition of with p(a~^ (g)p(idiX) 
a)) is given by xi = Xo(5*^ 5"^) * x^iS"^ S'^)sw -k {x^)~'^{S (g) S) and pi = 1. 
We deduce that a satisfies ct(1) = 1 and 

XoiS^^S^)*X^iS^^S^)swi.ix^)-\S^S)i.ap = {a®a)i.x^iS®S)i.ix^)-hw. 

(39) 

7. The case of a Hope algebra 

We briefly mention the needed adjustments to the proof above in order to get 
the classical Radford's formula for S"^. We assume that if is a finite dimensional 
Hopf algebra and define the following functions. 

Denote by G H"^ , the modular function of H that we know it is an algebra 
homomorphism. It can be defined as the modular element in the Hopf algebra 
-fT^ (the linear dual of H). In particular if i E if is a right integral, the functional 
uj is characterized by the property that for all x (z H we have that xi = oj{x)i. 

We will also consider the automorphism of Nakayama A/", that is characterized 
by the equation ^p{xy) = ip{yj\f{x)) for all x,y G H where ip is as before a right 
cointegral for H. 

Next we show how to obtain an expression of the inverse of Nakayama's auto- 
morphism in terms of S and uj. For all x,y ^ H, we have that: 

^(/?(yix)y2 = '^ip{yixi)y2e{x2) = '^ip{yiXi)y2X2S{x3) = '^ip{yxi)S{x2) 

(40) 

If we take y = i in the above equality and assume that ip{i) = 1 we obtain that 
^i^) = l^V5(iix)i2 or equivalently that x = ip{iix)Si2- Hence, it follows that 
■^{x) = X] v3(iiA/'x)Si2 = S {'^(p{xii)Si2)- Now, using using again the equation 
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([30|) we conclude that 

J\f{x) = S^(^^ ip{xii)x2) = s'^(^^ uj{xi)x2) = s'^{x ^ u>). 

Taking the inverse maps in the above equation we conclude that S'^x ^ uj~^ = 
J\f~^x. Then, it follows that eTV"^ = w"^ 

In the case of a Hopf algebra, for M £ then tm M ® H ^ M H is 
given by the formula tm{i^ h) = ^ tuq (gi S{mi)h. This is easily obtained from 
Theorem [6] substituting the associators as well as a and j3 by e. The inverse of 
tm is given as T^^{m h) = niQ mih. 

With respect to the properties of duality, the same formulae (fT9l) and (pll) yields 
the comodule structure on the dual spaces. The evaluation and coevaluation in 
this case are the same than the usual ones in the category of vector spaces (see 
formulae (I2SD, 

If M is a left ff-module the natural right ff-module structure on the left dual 
-see (Uni)- a*M :*M H is given by 

*M0H ^^^^ *M®H®M®*M '^^"^^'^ *M®M®*M ^ *M. 

For the right dual the formula is similar -see (|19p . In particular, in the case we 
consider H G ^Ai^ as a left module with respect to the regular action, the right 
i?-structure considered above in this situation is simply the following: f ^ h £ 
*H, {f^h){x) = f{hx). 

The Probenius map that was given in Theorem [3 is J-{ip h) = ip ^ h for 
(p GW and he H. 

In particular as we mentioned in Observation [19] part b), the morphism of 
algebras 7 defined in Lemma [H 

-f:oW0H(S) o*W *H (g) o*W ^*{oW0 H) ^'^^ \ **H, 

is given by the formula: ^{cp x t) = ev(— (g Afx) where J\f : H ^ H is the 
Nakayama morphism, that in this case is an algebra automorphism. 

The map considered in Lemma [TOl can be described explicitly by Ca/ (ev^® 
if (S) h ® t) = X^evmo 93 (g) J\f~^{S{mi))h t. Indeed, from the commutative 
diagram (|33]) we deduce that a;A/(eVm (g) evh) = J2 evmo ® ^^s{mi)h- To prove the 
formula for (^m we prove that 

(id 7)(^ evmo p> N~^{S{mi))h (g t) = u;Af(id <g 7)(evm ® ip <0 h®t). 

The left hand side of the above equation is: 

(id0 7)(^evmo ® ip N~^{S{mi))h®t) = ^ ev^Q ® fi^s{m^)M(h), 

while the right hand side can be computed as: 

(J A/ (id (g 7)(evm, (g 93 <g /i <g t) = WA/(eVm (g ev^(/j)) = ^ ev^^ (g (sy s{ml)^f(h)■ 

Hence the map vm ■ **I{M)o (g) qW (g) H ® qW ig) H introduced in 

Definition [TT] is given by: vui'S'^m ® fp ® h) = evmo (g (g N~^{S{mi))h. 
Moreover, the map vm has exactly the same expression than z^a/- 

For later use we record the following formula for that can be proved by a 
direct computation: 

^^A/(eVm (gV' (g /i) = y^evmo ®<p ® M~^{'mi)h. (41) 
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Thus, the morphism Qm defined in (j34p is given as: 

C,M{t ® evm ®ip®h) = ®S{mi)N~^{m2)h. 

Indeed it follows from equation (fT9]l that the right coaction in M** is xm** (ev^) = 
Z]eVmo®5' (mi). Thus, 

C,M{t ^ evm (g) 99 (g) /i) = (ev (g) TAf")(id sw (g) id)(id (g g) ev^ (g (g /i) = 

y^(ev (g TM**)(id g) sw (g id)(t (g evmp ® ® {mi)h) = 

(g5(mi)A/'-i(m2)/i. 

Then, as Ca/ = /iAfigid//, with /iAf : VF*g)**Mg)VF ^ M**, it is clear that 
satisfies the following equality: fiMit(^eVm(^^)(!^h = ^ ev^o '8'S(mi)AA^^(m2)/i. 
If we apply id (g id g) e to the equality above we obtain: 

AiA/(i ® evm g) 99) = y^^eVmo{eM'^){mi) = ev^Qu;~^(mi) 

We have used above the equality eJ\f^^ = lu^^ proved before. Hence we deduce 
that /UAf (t g) evm (g 93) = ev^-i^^. 

Next, we observe that the natural isomorphism constructed in Corollary [5] is 
simply the map m 1— > {to^^ m). Applying the bijections proved in Theorem [H 
we find that the map a appearing in Radford's formula -Theorem [8l- is simply 
(t(/i) = e{uj~^ ^ h) = uj~^{h). Hence, we deduce the classical Radford's formula 

a^^ s'^ {x)a = uj~^ S'^{x) ^ ^ or S'^(x) = lo ^ a^^xa ^ uj~^. 

This shows that the functional a is indeed the coquasi Hopf algebra analogue of 
the modular function. 

Next we explain how the monoidality of a proved at the end of the previous 
section generalizes the multiplicativity of the modular function uj G H"^ . 

Recall that in the case of a Hopf algebra the associativity of the product and 
the fact that 5 is a morphism of algebras are expressed as0 = e(ge{ge and 
= £ <Si £■ Therefore, the equality ([39|) simplifies to ap = a ® a, this is, a is 
multiplicative. The equality ct{1) = 1 was shown for an arbitrary coquasi Hopf 
algebra. Hence a; = is a morphism of algebras. 

An important point is that in the proof of the monoidality of a we did not use 
integrals (only cointegrals, presented as the comodule W). Then, in the case of a 
finite dimensional Hopf algebra, if we use a instead of the modular function, we 
can avoid mentioning integrals altogether in the proof of the classical Radford's 
formula. 

8. Appendix: categorical background 

This appendix is an account of some basic results on functors between cate- 
gories of comodules. These results are not unknown, but the proofs found in the 
literature are usually ad hoc. The unified presentation below is based on density 
of functors and completions of categories under certain classes of colimits. 

We will work with categories enriched in the category of vector spaces over a 
field k, sometimes called k-linear categories. Although one has to be careful when 
dealing with enriched categories, in our case the subtleties of the theory disappear. 
This is a consequence of the fact that the underlying set functor Vect(k, — ) : 
Vect Set is conservative (i.e., reflects isomorphisms). We denote by [^, 
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the k-linear category of k-linear functors A ^ B and natural transformations 
between them. 

Recah the notion of dense functor (see pi)J for a complete exposition on the 
subject). Let ^ be a small category. A functor : ^ ^ C is dense if the 
functor K -.C ^ [^°P, Vect], given by C C{K-,C), is fully faithful. In other 
words, K is dense if every natural transformation C{K—,C) =^ C{K—,D) is of 
the form C{K—, /) for a unique f : C ^ D in C. When K is the inclusion of a 
full subcategory, say that A is dense in C. 

A colimit in C is K -absolute if it is preserved hy K. In elementary terms, a 
colimit aj : P{j) — > colimP of a functor P : ^ ^ C is i^-absolute if for all 
objects A ^ A the transformation C{K{A),P{j)) C{K(A), colim P) is a colimit 
in Vect. 

Now suppose K is the inclusion of a full subcategory A into C. Consider a 
family of functors $ = {Pj : J'.y — > C}^gr- We say that C is the closure of A under 
the family $ if there is no proper replete full subcategory D of C containing (the 
image of) A such that colim € P whenever P^ takes factors through D. If $ 
is the family of all the functors with small (finite) domine into C, we say that C 
is the closure of A under small (finite) colimits. 

We say that $ is a density presentation for K if the colimit of each P^ exists 
and is X-absolute, and C is the closure of A under the family The functor K 
is dense when it has a density presentation (although density can be defined in 
other ways, our choice here is justified by [16', Theorem 5.35]). 

Write Cocts^[C,;S] for the full sub-k-category of [C,B] of those functors that 
preserve K -absolute colimits. The following is a particular instance of [I6^ Thm. 
5.31]. 

Theorem 10. Let ^ = {P^ : J'^ — > C}^gr be a density prsentation of the fully 
faithful functor K : A ^ C. Suppose each is small and that B admits all small 
colimits. Then precomposing with K yields an equivalence 

Cocts-^ [C,i3] ~ [A,B] 

with pseudoinverse given by taking left Kan extensions along K . 

A basic example of dense subcategory is provided by the category of modules 
over a ring R. If we take C = rM and A the full subcategory determined by 
the i?-module R, then A is dense in C. A density presentation is given by the 
family of functors with small domain into rM. This is so because all colimits 
are X-absolute: after identifying [^°P,Vect] with rM., K is isomorphic to the 
identity functor. The category A is also dense in the category ijAlfp of finitely 
presented -R-modules. Indeed, rM-i^ is the closure of A under finite colimits and 
these are /C-absolute, where K is the inclusion of A into ijTWfp. Observe that K in 
this case is isomorphic to the inclusion of ijAlfp into rM, and hence it preserves 
colimits. As a consequence of Theorem [10] we have equivalences 

Cocts[RM,B\ ~ [A, B] = R°P-B Rex[RMfp,V] ~ [A, V] = R°P-V 

for any categories B and P with small colimits and finite colimits respectively. 
Here R°'^-B denotes the category with objects B of B equipped with an action or 
i?°P, that is, a ring morphism i?°P — B{B,B), and evident morphisms. 

Slightly more general, the Yoneda embedding K : A ^ [^°p, Vect] is dense for 
any small category A. 
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A second example of interest for us is subcategory of finite-dimensional comod- 
ulcs -M^' . Let K : — > A^*^ be the inclusion functor. Given a C-comodule 
M, consider the comma category K/M. That is, the category whose objects are 
pairs (A/", /) where N G M^^ and f : N ^ M, and whose arrows (N, f) {N', f) 
are the arrows g : N —> N' such that f'g = f. The functor Pm ■ K/M ^ M'" 
sending (N, /) to its N is the base of a cone of vertex M, with components 
C(Af,/) = f '■ N ^ M. Clearly K/M is small and filtered (since M'^ has finite col- 
imits and K preserves them) and cr is a colimiting cone. The family of functors Pm 
with M a (7-comodule is a density presentation for K: clearly A4^' is the closure 
of -M^ under filtered colimits and filtered colimits are preserved by K since finite 
dimensional comodules are finitely presentable {i.e., [N, —) preserves filtered 
colimits whenever N is finite-dimensional). Since K preserves finite colimits, it 
is clear that the image of K : M'^ [(A^j )°p, Vect] lies in the full subcategory 
Lex[(A4^)°P, Vect] of left exact functors; moreover, the replete image of K can 
be shown to be exactly this subcategory. This yields an equivalence 

for any category B with filtered colimits, where the category on the left hand side 
is the category of finitary {i.e., filtered colimit-preserving) functors. 

Our next example is the full subcategory A of determined by the regular 
comodule C. Recall that each comodule AI is the equalizer of the canonical 
pair of comodule morphisms between free comodules M C — > M C ® C. 
Clearly, M'-^ is the closure of A under small limits. For, every free comodule 
has to be in the closure under small limits, and hence each comodule does too. 
Now consider the inclusion functor K : A°^ ^ (A1'^)°P. We shall show that the 
functor K : {M'^')°^ [^, Vect] preserves small colimits. To do this, it is enough 
to show that the composition of K with the "forgetful" functor [A, Vect] Vect 
(recall that A has just one object) preserves small colimits. The resulting functor 
(A4'^)°P — >• Vect is simply M^{—,C), which is isomorphic to Vect(C/(— ), k), 
where U denotes the forgetful functor ^ Vect. Clearly U preserves limits 
and Vect(— ,k) converts them into colimits. We have shown, then, that small 
colimits in (Al'^)"^ arc ii'-absolute. This, together with the fact that {A4^)°^ is 
the completion of A°^ under small colimits, shows that K is dense. We get, then, 
an equivalence 

Cts[M^,B] ~ [A,B] 

for any category B with small limits; here the category on the left hand side is the 
category of continuous (i.e. small limit-preserving) functors and transformations 
between them. 

Finally, for a finite dimensional coalgebra C, consider the full subcategory A 

of A4'~" given by the single object C. As {A4^)°^ is equivalent to (tVIc'v)^, the 
functors J' A^'^ form a finite category J' constitute a density presentation for 
A°^ ^ (TWj )°P. Furthermore, we have equivalences 

Lex[M'f,B] ^ Rex[(A1^)°P,i3°P] ~ [^°p,^°p] ^ [A,B] 

for any category B with finite limits. Recall that there is an equivalence [A, Vect] = 
At^v . For, to give a functor A Vect is to give a vector space with a left action 
of the algebra A4'-^(C, C), which is isomorphic to (C^)°p via the map sending 
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7 : C ^ k to (7 id) A. Now it is easy to deduce that for a finite-dimensional 
coalgebra C there are equivalences Lex[Alj , Al'^] — '^TW^, sending a right exact 
functor F to the bicomodule F{C). A pseudoinverse for this equivalence is the 
functor sending a bicomodule M to — DcM. 

In Section [2] we used the following easy observation. 

Observation 22. Let C be a finite dimensional coalgebra, K : AA'^ M.^ be 
the inclusion functor and M,N G ^A4^. Then we have a string of canonical 
isomorphisms 

^M^{M,N) ^ Lex[M'^,M^]{K{-)DcM,K{-)ncN) 
= [M'f,M'']{K{-)ncM,K{-)DcN) 
^ Fm[M^ , M^]{-ncM, -DcN) 
= [M^,M^]i-DcM,-DcN) 



The last piece of categorical background we will need is the tensor product of 
categories with finite limits. This is closely related to Deligne's tensor product 
of abelian categories of [5]. We only need the case of categories of finite dimen- 
sional comodules over finite dimensional coalgebras, though, and in this case the 
existence of this product reduces to few simple observations. 

Recall that the category C ®T) has as objects pairs of objects (c, d) with c G C 
and d G and horns C ® V{{c,d),{c! ,d')) = C(c,c') ®kV{d,d'). UC,V,8 are 
categories with finite limits, a functor F : C <SiT> ^ £ is left exact in each variable 
if for each c G C and d € V the functors F(c, —): V ^ £ and F{—, d) : V ^ £ 
are left exact. These functors, together with the natural transformations between 
them, form a category Lex[C, P; £]. 

A tensor product of C with D as categories with finite limits is a category with 
finite limits CMV together with a functor C^V CM£ left exact in each variable 
that induces equivalences Lex[C ^V,£] ~ Lex[C, V; £] for each £. 

The case of interest for us in this work is the one of categories of finite di- 
mensional comodules over finite dimensional coalgebras, dual to the case consid- 
ered in [5]. If C,D are finite dimensional coalgebras, we claim that the functor 
<8)k : 'S>Mf M^^^ is a tensor product of with as categories with 
finite hmits. To see this, let us call C C M^\V C Mf and B C M^'^^ the full 
subcategories determined by the respective regular comodule, and observe that 
there is a commutative diagram as depicted below. 

Lex[7W^®^, £] Lex[7W^, Mf;£] 

[B, £] [C ® V, £] 

The horizontal arrows are induced by and the obvious functor C ® V ^ B 
which at the level of the unique hom-space is just M^{C,C) ® M.^{D,D) 

J\A^®^{C ^ D,C f^i D). This last linear transformation is an isomorphism, as a 
consequence of the finiteness of C and D, and then the bottom row of the diagram 
is an isomorphism. It follows that the top row is an equivalence. 
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